
Deregression	  and	  weigh.ng	  
informa.on	  from	  various	  sources	  

Training	  on	  EBVs	  



Ideal	  Model	  (Equa.on)	  &	  data	  

g = 1µ +Ma + ε
g is (true) genetic merit (BV)
M is columns of covariates (genotypes)
a are substitution effects
ε  is lack-of-fit (hopefully small)



Ideal	  Model	  &	  data	  

g = 1µ +Ma + ε
g is genetic merit (BV)
var(g) = A? or G?
var(Ma) = G genomic relationships

var(ε) = Iσε
2 ? or cA? for c=σε

2

σ g
2

the fraction of var(g) unaccounted by markers



g = 1µ +Ma + ε
g is genetic merit (BV)
var(g) = Tσ g

2 where T from LD / LA

var(Ma) = GσM
2 genomic relationships

var(ε) = Eσε
2

(= 0 if markers competely explained merit)

approximate E as cAσ g
2 , for c=σε

2

σ g
2

Ma is random even if a is fixed



Towards	  a	  Prac.cal	  Model	  

g + e = 1µ +Ma + ε + e( )
g is (true) genetic merit (BV)
e is usual e
g + e( ) is phenotype (no fixed effects)

var(ε + e) = cAσ g
2 + Iσ e

2   since cov(ε,e ') = 0



Prac.cal	  Model	  

y = Xb +Ma + ε + e( )
Xb are usual fixed effects
var(ε + e) = cAσ g

2 + Iσ e
2

Not reasonable to assume var(ε + e) = Iσ e
2

unless markers are fitting very well or
a polygenic effect is fitted

But	  we	  do	  all	  the	  .me	  !	  	  	  And	  the	  results	  are	  fairly	  similar	  



Repeated	  records	  on	  the	  Individual	  
yk = Xb +Ma + ε + ek( )
(i.e. y is means of varying k  numbers of observations)

var(ek ) = 1+ (n −1)t
n

− h2⎡
⎣⎢

⎤
⎦⎥
σ P

2

var ε + ek( ) = R = var(ε) + var(ek )
ignoring off-diagonals in E, 

R-1= cσ g
2 + var(ek )⎡⎣ ⎤⎦

−1

wn

σ e
2 =

1− h2

ch2 + 1+ (n −1)t
n

− h2
(= 1 if c = 0, n = 1)



Family	  Data	  

When means are from relatives, 
rather than the same individuals,
genetic relationships can contribute
to the intraclass correlation



Half-‐sib	  offspring	  averages	  as	  data	  

y p = Xb +Ma + ε + ep( )
(i.e. y is means of observations on varying p offspring)

var(ep ) =
0.75σ g

2 +σ e
2

p
⎡

⎣
⎢

⎤

⎦
⎥

wp

σ e
2 =

1− h2

ch2 + 4 − h2

p



EBVs	  as	  data	  

g = Ma + ε
g + (ĝ - g) = ĝ = Ma + ε + (ĝ - g)
with var(ĝ − g) = PEV > 0
Similar to previous

g + e = Ma + ε + e
where var(g+e) > var(g)



EBVs	  as	  data	  

g = Ma + ε
g + (ĝ - g) = ĝ = Ma + ε + (ĝ - g)
with var(ĝ − g) = PEV > 0
Generally var(ĝ − g) = var(g) + var(ĝ) − 2cov(ĝ,g)
But BLUP has special shrinkage properties
cov(ĝ,g) = var (ĝ) so that  var(ĝ − g) = var(g) − var(ĝ)

r2 =
var(ĝ)
var(g)

≤ 1   so   0 ≤ var(ĝ) ≤ var(g)



Other	  Relevant	  Proper.es	  of	  BLUP	  
cov(ĝ, ĝ − g) = var(ĝ) − cov(ĝ,g)

= var(ĝ) − var(ĝ) = 0
So prediction errors are uncorrelated with
estimated merit

ĝ

ĝ − g



Other	  Relevant	  Proper.es	  of	  BLUP	  

But cov(g, ĝ − g) = cov(ĝ,g) − var(g)
= var(ĝ) − var(g) < 0

Really good animals are underestimated
Really bad animals are overestimated

g

ĝ − g



Genomic	  Predic.on	  

usual linear regression of y on (fixed) x

βy.x  = cov(y,  x)
var(x)

,

(random) regression of EBV on markers
 ĝ on Ma involves cov(ĝ,  Ma) ≈ cov(ĝ,g) for small c
But cov(ĝ,g)=var(ĝ) will differ for every animal
according to its accuracy r2



Need	  to	  “inflate”	  observa.ons	  

g = Ma + ε
g + (kĝ - g) = kĝ = Ma + ε + (kĝ - g)
Want to choose k  so that

cov(g,kĝ - g) = 0
cov(kĝ,g)  to be constant



Finding	  k	  

Want cov(g,kĝ - g) = 0
cov(g,kĝ - g) = kcov(g, ĝ) - var(g) = kvar(ĝ) - var(g)

so we want k = var(g)
var(ĝ)

=
1
r2

Want cov(kĝ,g)  to be constant (test above k)

cov(kĝ,g)=kvar (ĝ)= var(g)
var(ĝ)

var (ĝ)=var(g)



Implica.ons	  

ĝ
r2

= d, a deregressed EBV is

really an "observation" with h2 = r2

Deregress	  by	  dividing	  EBV	  by	  their	  reliability	  

Observations have h2 = cov(g, y) / var(p)
the regression of genotype on phenotype

cov(g, ĝ
r2
) = 1

r2
var(ĝ) and var( ĝ

r2
) = 1

r4
var(ĝ)

so "h2 " = r
4

r2 = r
2



More	  Implica.ons	  

But deregressed observations have heterogeneous variance
var ε+ kĝ-g( )⎡⎣ ⎤⎦with k = r

−2 so kr2 = 1
var ε+kĝ-g( )= var ε( ) + var(kĝ-g)

= var ε( ) + k2var ĝ( ) + var g( ) − 2k var(ĝ)
= var ε( ) + k2r2var g( ) + var g( ) − 2kr2 var(g)

= var ε( ) + k −1( )var g( ) and k −1 = 1− r2

r2

Therefore the weights representing diagonals of R-1 are
w
σ e

2 =
1− h2

c + 1− r2( ) / r2⎡⎣ ⎤⎦h
2



Removing	  Parent	  Average	  

During the deregression process, parent average effects
should be removed
Why?
Animals with own and/or progeny information are shrunk
towards the parent average
Imagine if many bulls had no own/progeny info
They should not contribute anything to training
Imagine if some parents were segregating a major effect
We dont want this effect shrunk in all the offspring
Deregression is no problem if deregressed information is derived
directly from animal models during evaluation



Removing	  Parent	  Average	  

Deregression and removal of parent average effects
can be approximately achieved using only the EBV and r2

values from trios of the training animal, its sire and dam,
by setting up mixed model equations for the parent average
and offspring, reconstructing the left-hand side to obtain
the published reliabilities, before reconstructing the implied
right-hand side to determine the deregressed observation 
and its appropriate r2  ignoring the parental contribution





Genomic Selection 
Value in QTL detection and links to 

bioinformatics 

Dorian Garrick 
dorian@iastate.edu 



Mouseover 
- SNP_Name 
- Position  
- Effect 

Cursor 
position 

 Effects better discriminated than 
 from single marker analyses  





Peak 1 (900) Peak 2 (3615, 3628, 3643, 
3664)  

Strong signal for subcutaneous 
fatdepth near MC4R gene on SSC1 



Peak 1 (900) Peak 2 
(3615-3668)  

MC4R 
Close to 

3649 

Effect not due to patented 
polymorphism in MC4R gene 



Strong LD detected in the region 
containing the MC4R gene on SSC1 

MC4R 
INRA0004898 ALGA0006623 ALGA0006599 ASGA0005017 

* * * * * 



One Informative Locus 



Peak 1 (900) Peak 2 (3615, 3628, 3643, 
3664)  

Strong signal for subcutaneous 
fatdepth near MC4R gene on SSC1 



LD not strong in 
this region 
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0.0 20.0 40.03.5

Another informative locus 



Conclusion 

•  Genomic Selection information should 
be part of a large scale bioinformatics 
system to properly exploit the gene 
discovery knowledge generated  



Using real-life (Illumina) 
genotypes 





2½  - 3 Gb files per 1,000 animals 



Roughly 1m bp per cM 

Recode SNP names to your own index identifier 



Quality control checks 
 - minor allele frequency 
 - Hardy-Weinberg equilibrium 
 - parentage agreement with pedigree  

Quality control files 
 - by locus 
 - by sample 



Consistent allele calling e.g. AA= -10, AB=0, B+10 
1Gb storage for 10,000 animals 

Convert every pair of alleles to a covariate  



Linkage Disequilibrium 



Overall intent – BV on QTL 

A1A1 A1B1 B1B1 

Tr
ue
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 other genes 



Overall intent – BV on QTL 

A1A1 A1B1 B1B1 

Tr
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Practice – BV on SNP 

Use SNP genotypes (in high LD) as surrogates for QTL 

A1A1 A1B1 B1B1 

Tr
ue

 B
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ed
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g 
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lu
e 



Practice – BV on SNP 

Use SNP genotypes (in low LD) as surrogates for QTL 

A1A1 A1B1 B1B1 

Tr
ue

 B
re

ed
in

g 
Va

lu
e 



Linkage Disequilibrium  (LD) on bovine chromosome 1 

1,000 mixed breeds half-sib groups 

LD indicates the ability of observed SNP to act as surrogates 
(of other SNP) 

Hope this reflects the LD between SNP and QTL  



One	  Informa.ve	  Locus	  
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After a few generations, suppose freq(M)=0.2 

Marker genotypes 

MM Mm mm 
0.04  0.32  0.64 

QQ 

Qq 

qq 

QTL 
genotypes 



After a few generations, suppose freq(M)=0.2 

Marker genotypes 

MM Mm mm 
0.04  0.32  0.64 

QQ 

Qq 

qq 

QTL 
genotypes 

And suppose M was “close enough” to Q that a 
crossover between them never occurred  

then freq(Q)=0.2 



After a few generations, suppose freq(M)=0.2=freq(Q) 

Marker genotypes 

MM Mm mm 
0.04  0.32  0.64 

QQ   0.04 

Qq   0.32 

qq   0.64 

QTL 
genotypes 



After a few generations, suppose freq(M)=0.2=freq(Q) 

Marker genotypes 

MM Mm mm 
0.04  0.32  0.64 

QQ   0.04     0.04 

Qq   0.32                0.32 

qq   0.64                            0.64 

QTL 
genotypes 

Then LD is perfect & M is a direct indicator of the presence of Q 

Linkage 
Disequilibrium 



M  Q 

m  q 
m  q 

m  q 
m  q 

m  q 

m  q 

m  q 

m  q 

m  q 

M  q m  Q 

crossover 



After more generations with no change in gene frequencies 

Marker genotypes 

MM Mm mm 
0.04  0.32  0.64 

QQ   0.04 

Qq   0.32 

qq   0.64 

QTL 
genotypes 



After more generations with no change in gene frequencies 

Marker genotypes 

MM Mm mm 
0.04  0.32  0.64 

QQ   0.04    .0016   .0128   .0256 

Qq   0.32    .0128   .1024   .2048 

qq   0.64    .0256   .2048   .4096 

QTL 
genotypes 

Then LE is perfect & M tells nothing about the presence of Q 

Linkage 
Equilibrium 
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M  Q 

m  q 

M  q 

m  Q 

M indicates Q m indicates Q 









Low	  Density	  Panels	  



David Habier 
Napapan Pyiasatian   

Jack Dekkers 
Rohan Fernando 

Habier et al. 2009 Genetics 182: 343 - 353  

Genomic Selection  
using Low-Density SNPs  

Faculty of Agriculture and Nutritional Science 
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Genomic selection 
Genetic Evaluation using high-density SNPs  

Training       analysis 

Generation  1     2      3      4      5     6 



Genomic selection 
Genetic Evaluation using high-density SNPs  
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Need Low- (<380) vs. High-density panel for routine implementation 

     ??        $50   vs. $250 per animal     ?? 

‘Standard’ approach to developing Low-density panels: 
•  Select the ‘best’ SNPs from the HD-panel 

•  Trait and population specific 

Proposed approach: use well-spaced Low-density SNP genotypes on 
       selection candidates to ‘fill in’ missing HD SNP genotypes 

Introduction 
Implementation of GS 

   

  Original principle of Genomic Selection (GS) 

  High-density (HD) SNP genotypes used for both  
•  Estimation of marker effects (training) 
•  Prediction of GS-EBV for selection candidates 
   

  Not feasible for many species 
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Outline   

  Introduction – What is ELD-GS? 

  Methods 

  Published results 

  Unpublished results 

  Criteria for loss of accuracy 

  Factors affecting loss of accuracy of ELD-GS 
  Precision of PDMs 

  Simulations – Results  

  Conclusions & outlook 
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Progeny 
i 

Sire  s 

Dam d 

Concept of Low-Density 
Genomic Selection 

paternal 
maternal 

paternal 
maternal 

paternal 
maternal 

HD-GS      EBVi = (gm
ik + gp

ik )	
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Steps of proposed low-density genomic selection method: 

1.  Estimate marker allele effects of HD-SNPs – Bayes-B 

2.  Infer HD-SNP haplotypes of training individuals 
•  Requires parental HD-SNP genotypes 

3.  Trace HD-SNP alleles of selection candidates 
                        based on their LowD-SNP genotypes 

•  Probability of descent of marker alleles 

4.  Predict GS-EBV of selection candidates 
•  Weighted sum of effects of parental HD-SNP alleles 

Methods 

Progeny 
i 

paternal 
maternal 
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I. Estimation of HD-SNP effects 

General statistical model: 

xk = # “1” alleles carried at SNP k 

bk = substitution effect of SNP k 
dk = indicator variable for SNP k to be in (=1) 

   or out (=0) of the model 

BayesB is used here, but other methods 
modeling disequilibrium and co-segregation, 
dominance or epistasis can be used also. 
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II. Infer HD-SNP haplotypes 

Parent i 

In the training generation, haplotypes must be 
inferred for males and females 

= maternal and paternal allele states   
of individual i at SNP k 
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III. Track HD-SNP alleles  

Parent i 

Progeny 

Probability of Descent of 
Marker alleles (PDMs) 

Genotyped for evenly-
spaced LD-SNPs  
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Estimation of PDMs 

 MCMC sampling: 
  Joint probabilities of sampled allele origins for 

adjacent ELD-SNP pairs were estimated 

  Information from all ELD-SNPs is utilized 

  Haplotype phases of HD-genotyped ancestors 
assumed known 
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IV. Prediction of GEBVs 

  ELD-SNP genotyped offspring: 

  HD genotyped parents: 

Generation after training: 

          Later generations: 
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Tested by Simulation 

Population 

GS-EBV using HighD SNPs 

GS-EBV using LowD SNPs 

Generation -1060 Random Mating 
(Ne=500) 

Generation -60 Random Mating 
(Ne=100) 

Generation -10 Population Growth 
(N=100 to N=1000) 

Generation 1-3 50 males x 500 females 
(N=1000) 

Pedigree recording   and   genotyping starts 
Generation 4 Training data 

(N=1000) 
Generation 4-7 10 males x 100 females 

Genome 
10 chromosomes of 1 M 

20,000 SNPs ; 500 QTL 

  1,000 SNPs selected 

       after 1060 gener. 

HD SNP spacing ~ 1 cM 

LD SNPs at 10 or 20 cM 
Trait h2 = 0.5 

Bayes-B (Meuwissen et al. ‘01) 



74 

Results 

HD 

Training 

Accuracy of GS-EBV based on High- and Low-Density 
SNP genotyping (20 Replicates) 500 QTL 
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Results 

HD 

ELD-10 

Training 

Accuracy of GS-EBV based on High- and Low-Density 
SNP genotyping (20 Replicates) 500 QTL (~220 MAF>0.01) 



76 

Results 

HD 

ELD-10 

ELD-20 

Training 

Accuracy of GS-EBV based on High- and Low-Density 
SNP genotyping (20 Replicates) 500 QTL (~220 MAF>0.01) 
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Results 

HD 

ELD-10 

ELD-20 

Training 

ELD-10+ 

ELD-20+ 

Accuracy of GS-EBV based on High- and Low-Density 
SNP genotyping (20 Replicates) 500 QTL (~220 MAF>0.01) 
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       Genomic Selection can be 
 implemented with low-density SNP 
genotyping of selection candidates 
•  Loss in accuracy limited: < 3.5% after 1 generation 

         < 8   % after 2 generations 

    with 300 equally spaced SNPs (10 cM) 

•  Loss in accuracy ~ independent of # QTL and # traits 

•  Lower rate of fixation of panel SNPs with selection  slower accuracy decline 
•  Cost effectiveness needs to be analyzed 

•  Depends on costs of Low-    vs.      High-density genotyping 

      $40  ??  $180 

•  Optimal implementation needs to be further analyzed 
•  Which individuals to genotype – HD / LD 

Discussion & Conclusions 
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Outline   

  Introduction – What is ELD-GS? 

  Methods 

  Published results 

  Unpublished results 

  Criteria for loss of accuracy 

  Factors affecting loss of accuracy of ELD-GS 
  Precision of PDMs 

  Simulations – Results  

  Conclusions & outlook 
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Objectives of recent work 

 Analyze factors affecting loss of accuracy with 
ELD-GS  
  Type and extent of LD  
  Precision of PDMs 

 Analyze loss of accuracy under more realistic 
assumptions 
  LD based on a real pedigree 

Funding from Aviagen 
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Criteria for loss of accuracy 
  Accuracy of GEBVHD and GEBVELD 

  Uncertainty in tracking HD-SNP alleles 
  Assumption: Only precision of PDMs affects loss  
                        of accuracy   

  Correlation between GEBVHD and GEBVELD  
(lower bound) 
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Factors affecting accuracy from ELD-GS 

 Precision of PDMs 

  HD-genotyping of parents (see previous) 

  ELD-SNP spacing  

  Family structure 
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Simulations – Genome structure 

  8 chromosomes of 75 cM 
  8000 HD-SNPs (Spacing 0.075 cM) 

  MAF > 0.05 

  800 QTL 

  Mutation rate 0.005 (important when historic LD simulated) 
   # segregating QTL similar to no-LD case 

  ELD-spacing: 5, 8, 10, 12, 20 cM  
  MAF > 0.40 
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Simulations – Population 
  With historic LD 

Generation -1060 Random mating 
(N=500 ) 

Generation - 60 Random mating 
(N=100) 

Generation -10 Population growth 
until N=1000 

Generation 0 50 sires + 500 dams 

4 pedigree generations start 
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Effect of HD genotyping of parents  
  4 scenarios 

Assumption for HD-genotyped individuals: 
  HD-SNP haplotypes are known 

               becomes           

(uncertainty from previous generations removed) 

   Phases of ELD-SNPs assumed known also 

Dam Sire 

'
'
'
'

'
'
'
'
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HD genotypes in dams and sires  
3 SNPs, 10cM spacing, 1dam/sire, 100sires, on                    &  

Gen1 Dam  Sire  Dam  Sire  Dam  Sire  Dam  Sire  

Gen2  Dam Sire  Dam  Sire  

Gen3 Dam  Sire  

Gen4  Offspring  
 = w/ HD genotypes 
 = w/o HD genotypes 

Always 0.04 



88 

No HD genotypes on parents 
3 SNPs, 10cM spacing, 1dam/sire, 100sires, on                    &  

Gen1 Dam  Sire  Dam  Sire  Dam  Sire  Dam  Sire  

0.04 

Gen2  Dam Sire  Dam  Sire  

0.08 

Gen3 Dam  Sire  

0.11 

Gen4  Offspring  
 = w/ HD genotypes 
 = w/o HD genotypes 
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HD genotypes in dams 
3 SNPs, 10cM spacing, 1dam/sire, 100sires, on                    &  

Gen1 Dam  Sire  Dam  Sire  Dam  Sire  Dam  Sire  

0.04 

Gen2  Dam Sire  Dam  Sire  

Gen3 Dam  Sire  

Gen4  Offspring  
 = w/ HD genotypes 
 = w/o HD genotypes 

0.04 

0.04 0.04 

0.09 

0.08 0.08 



90 

HD genotypes in sires 
3 SNPs, 10cM spacing, 1dam/sire, 100sires, on                    & 

Gen1 Dam  Sire  Dam  Sire  Dam  Sire  Dam  Sire  

0.04 

Gen2  Dam Sire  Dam  Sire  

Gen3 Dam  Sire  

Gen4  Offspring  
 = w/ HD genotypes 
 = w/o HD genotypes 

0.09 

0.08 0.04 0.04 

0.04 

0.08 
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Accuracy and % - loss of accuracy  
Historic LD – 8 chromosomes & 8 cM spacing (20 reps) 

HD-SNPs Generation 
Method Dam Sire 2 3 4 

HD-GS - -  74.6 67.7 63.7 

% loss from HD-GS 

BLUP - - 34.8 61.7 71.9 

ELD-GS   3.4 8.8 12.5 

 ' 3.4 6.6 6.9 

'  3.4 5.6 7.8 

' ' 3.4 3.6 3.8 
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Accuracy of GEBVs  
Historic LD – 8 chromosomes & 8cM spacing (20 reps) 

"   GEBVs > BLUP 

"   Difference between GS methods 

"   Loss similar to lower bound from b-hat=1   



93 

Impact of ELD-SNP spacing/density 

 Effects of greater density:  

 Number of ELD-SNPs   
 Adjacent SNPs help infer phases and origins 

 Recombination between adjacent ELD-SNPs  



94 0.991 

10cM 

5cM 

No crossover:  
Probability of receiving the HD grand-maternal allele  

LD-SNPs 

20cM 

0.999 

0.996 

0.998 

0.990 
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Crossovers 
Probability of receiving the HD grand-maternal allele  

10cM 

10cM 

No crossover 

1 crossover 
 = recombination 
    at LD-SNPs 

10cM 2 crossovers 
= no recombination 
   at LD-SNPs ~0.002 

     '

0.998 

0.50 

0.996 
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ELD-SNP spacing: 
% – Loss of accuracy 

ELD-SNP 
Spacing (cM) 

No. reps 
Generation 

2 3 4 
5 48 1.5 2.1 2.8 

8 48 2.4 3.7 3.0 

10 48 4.9 4.3 4.9 

12 48 4.1 4.1 6.6 

20 48 8.5 8.1 9.1 

Both parents HD-genotyped 

Clear trend of loss of accuracy 
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Effect of Family structure 

 Number of maternal and paternal sibs 

  If a parent is HD-genotyped 
  ELD-SNP phases of parent assumed known 

 # parental sibs has no effect on precision of PDMs 
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Family structure 
 % – Loss of accuracy (8 cM) 

No. dams/sire No. reps 
Generation 

2 3 4 
1 48 2.4 4.4 5.0 

2 48 2.8 5.6 6.6 

3 43 2.5 5.6 5.5 

No. dam/sire   No. paternal sibs  
      same No. maternal sibs 

Only females HD-genotyped 
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Family structure 
 % – Loss of accuracy (8 cM) 

No. full sibs No. reps 
Generation 

2 3 4 
2 48 2.4 5.6 8.9 
4 48 3.2 6.7 12.5 
6 13 6.5 9.2 12.2 

So far there is no trend. Again need more replicates! 

No. full sibs   No. maternal and paternal sibs  
       

Parents not HD-genotyped 
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Simulation with real pedigree 

•  8 chromosomes 

•  200 QTL/chromosome 

•  Heritability 0.5 for female phenotypes, 0.8 for male phenotypes 

•  No historic LD, only LD from the pedigree 
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Simulations – Population 
With Historic LD 

Generation -1050 Random mating 
(N=500 ) 

Generation - 50 Random mating 
(N=100) 

Real pedigree  
(13 generations) 

1500 males + 1500 females 

4 pedigree generations start 
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Linkage disequilibrium 
Historic LD – Real pedigree 
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Accuracy of GEBVs  
Historic LD – real pedigree (8 chromosomes & 8cM) 

"   Mutation rate was high with 0.005 

"   95% of QTL are segregating with MAF 0.27 

"   90% of QTL have MAF > 0.05 
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       Genomic Selection can be 
 implemented with low-density SNP 
genotyping of selection candidates 
•  Loss in accuracy limited: < 3.5% after 1 generation 

         < 8   % after 2 generations 

    with 300 equally spaced SNPs (10 cM) 

•  Loss in accuracy ~ independent of # QTL and # traits 

•  Lower rate of fixation of panel SNPs with selection  slower accuracy decline 
•  Cost effectiveness needs to be analyzed 

•  Depends on costs of Low-    vs.      High-density genotyping 

      $40  ??  $180 

•  Optimal implementation needs to be further analyzed 
•  Which individuals to genotype – HD / LD 

Discussion & Conclusions 



Pooling	  Genomic	  
	  and	  Pedigree	  Predic.ons	  



One-‐step	  assump.ons	  

var
upedigree
ugenotyped

⎡
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⎢

⎤

⎦
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⎥
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? G
⎡

⎣
⎢

⎤

⎦
⎥σ g

2

What	  is	  covariance	  between	  genotyped	  and	  ungenotyped?	  
Is	  A	  an	  appropriate	  scaled	  var-‐covariance	  matrix	  given	  G	  on	  rela.ves?	  



First	  aVempt	  

var
upedigree
ugenotyped

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

A11 A12
A21 G

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
σ g
2

= A +
0 0
0 G -A22

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
σ g
2

Misztal	  et	  al,	  2009	  JDS	  92:4648	  



Problema.c	  

•  It	  doesn’t	  seem	  right	  that	  knowledge	  of	  
genotyped	  animals	  cannot	  contribute	  to	  any	  
modifica.on	  of	  the	  rela.onships	  among	  non	  
genotyped	  individuals	  

•  For	  example,	  if	  parents	  are	  genotyped	  and	  shown	  
to	  be	  more	  or	  less	  inbred	  and/or	  related	  than	  
expected,	  progeny	  rela.onships	  should	  be	  
suitably	  modified	  to	  reflect	  this	  informa.on	  
–  This	  would	  happen,	  for	  example,	  if	  the	  tabular	  method	  
to	  construct	  A	  was	  being	  used	  



Second	  AVempt	  

var
upedigree
ugenotyped

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= H

=
A11 + A12A22

-1 (G -A22 )A22
-1 A21 A12A22

-1G
GA22

-1 A21 G

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
σ g
2

Legarra	  et	  al,	  2009	  JDS	  92:4656	  



Second	  AVempt	  

H−1 = A−1 +
0 0
0 G−1 - A22

−1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
σ g
2

Which	  has	  a	  straighgorward	  inverse	  

But	  did	  not	  work	  very	  well	  in	  prac.ce	  



Third	  AVempt	  

H−1 = A−1 +
0 0
0 λ G−1 - A22

−1( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
σ g
2

	  Which	  worked	  beVer	  for	  an	  arbitrary	  (ad-‐hoc)	  λ	  from	  trial	  and	  error	  
	  and	  is	  somewhat	  computa.onally	  aVrac.ve	  (for	  small	  order	  G)	  

Legarra	  et	  al.	  jds.2009-‐2730	  

Note	  that	  G	  can	  be	  regressed	  towards	  A	  to	  improve	  stability	  



Implica.ons	  of	  Second	  AVempt	  

A11
−1σ g

−2

Then	  we	  could	  improve	  the	  evalua.on	  of	  pedigree	  animals	  by	  upda.ng	  
	  their	  var-‐covariance	  matrix	  according	  to	  genotyped	  offspring	  without	  
	  any	  of	  their	  own	  performance	  informa.on	  

In	  place	  of	  the	  inverse-‐NRM	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  we	  would	  use	  

How	  do	  these	  two	  alterna.ves	  compare	  (when	  G≠A22)?	  

If var upedigree⎡⎣ ⎤⎦ = A11 + A12A22
-1 (G -A22 )A22

-1 A21⎡⎣ ⎤⎦σ g
2

A11 + A12A22
-1 (G -A22 )A22

-1 A21⎡⎣ ⎤⎦
−1
σ g

−2



Simple	  Example	  

•  Suppose	  we	  have	  two	  non-‐inbred	  unrelated	  
parents	  that	  produce	  two	  full-‐sib	  offspring	  

•  The	  full	  A-‐matrix	  is	  

•  And	  the	  parental	  A-‐matrix	  that	  is	  relevant	  if	  
the	  offspring	  have	  no	  records	  of	  their	  own	  is	  
the	  leading	  2x2	  submatrix	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (an	  iden.ty	  matrix	  of	  order	  2)	  	  

1 0 .5 .5
0 1 .5 .5
.5 .5 1 .5
.5 .5 .5 1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥



Genomic	  matrix	  for	  offspring	  

•  The	  genomic	  matrix	  might	  differ	  from	  the	  
pedigree-‐based	  rela.onship	  matrix	  by	  
demonstra.ng	  the	  
–  full-‐sibs	  have	  an	  addi.ve	  rela.onship	  >	  0.5	  
–  full-‐sibs	  have	  an	  addi.ve	  rela.onship	  <	  0.5	  
– One	  or	  more	  of	  the	  fullsibs	  is	  inbred	  aii<1	  

•  How	  do	  these	  modifica.ons	  alter	  the	  addi.ve	  
variance-‐covariance	  matrix	  among	  the	  two	  
parents?	  



Consider	  the	  exact	  solu.on	  

•  Suppose	  the	  genotyping	  is	  for	  two	  loci,	  A	  &	  B,	  
that	  completely	  determine	  the	  trait	  
– Fullsib1	  is	  A1A1	  	  	  B1B2	  
– Fullsib2	  is	  A2A2	  	  	  B1B2	  

– How	  would	  this	  modify	  our	  assessment	  of	  the	  sire	  
and	  dam?	  

locus A is 2 0
0 2

⎡

⎣
⎢

⎤

⎦
⎥,  locus B is 1 1

1 1
⎡

⎣
⎢

⎤

⎦
⎥, 

giving pooled G = 1.5 0.5
0.5 1.5

⎡

⎣
⎢

⎤

⎦
⎥



Locus	  A	  in	  the	  parents	  

•  At	  locus	  A,	  both	  parents	  must	  be	  heterozygous	  
since	  they	  have	  offspring	  homozygous	  for	  the	  
alternate	  forms	  

locus A the parents are 1 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥



Locus	  B	  in	  the	  parents	  

Offspring	  
Frequencies	  

Dam	   B1B1	   B1B2	   B2B2	  

Sire	   HW	  freq	   0.25	   0.5	   0.25	  

B1B1	   0.25	   1/16	   1/8	   1/16	  

B1B2	   0.5	   1/8	   1/4	   1/8	  

B2B2	   0.25	   1/16	   1/8	   1/16	  



Locus	  B	  in	  the	  parents	  

Offspring	  
Frequencies	  

Dam	   B1B1	   B1B2	   B2B2	  

Sire	   HW	  freq	   0.25	   0.5	   0.25	  

B1B1	   0.25	   1/16	  (0)	   1/8	  (0.5)	   1/16	  (1)	  

B1B2	   0.5	   1/8	  (0.5)	   1/4	  (0.5)	   1/8	  (0.5)	  

B2B2	   0.25	   1/16	  (1)	   1/8	  (0.5)	   1/16	  (0)	  

Probability	  each	  parent	  combina.on	  produces	  B1B2	  	  



Locus	  B	  in	  the	  parents	  

Offspring	  
Frequencies	  

Dam	   B1B1	   B1B2	   B2B2	  

Sire	   HW	  freq	   0.25	   0.5	   0.25	  

B1B1	   0.25	   1/16	  (0)	   1/8	  (0.5)	   1/16	  (1)	  

B1B2	   0.5	   1/8	  (0.5)	   1/4	  (0.5)	   1/8	  (0.5)	  

B2B2	   0.25	   1/16	  (1)	   1/8	  (0.5)	   1/16	  (0)	  

Probability	  each	  parent	  combina.on	  produces	  B1B2	  	  

0	   1/8	  (0.5)^2	   1/16	  (1)	  ^2	  

1/8	  (0.5)	  ^2	   1/4	  (0.5)	  ^2	   1/8	  (0.5)	  ^2	  

1/16	  (1)	  ^2	   1/8	  (0.5)	  ^2	   0	  

Probability	  each	  parent	  combina.on	  produces	  two	  full	  sibs	  that	  are	  B1B2	  	  



Locus	  B	  in	  the	  parents	  

Dam	   B1B1	   B1B2	   B2B2	  

Sire	   HW	  freq	   0.25	   0.5	   0.25	  

B1B1	   0.25	   0	   1	   2	  

B1B2	   0.5	   1	   2	   1	  

B2B2	   0.25	   2	   1	   0	  

0	   1/8	  (0.5)^2	   1/16	  (1)	  ^2	  

1/8	  (0.5)	  ^2	   1/4	  (0.5)	  ^2	   1/8	  (0.5)	  ^2	  

1/16	  (1)	  ^2	   1/8	  (0.5)	  ^2	   0	  

Probability	  each	  parent	  combina.on	  produces	  two	  full	  sibs	  that	  are	  B1B2	  	  

32nds	  



Locus	  B	  in	  the	  parents	  

Dam	   B1B1	   B1B2	   B2B2	  

Sire	   HW	  freq	   0.25	   0.5	   0.25	  

B1B1	   0.25	   0	   1	   2	  

B1B2	   0.5	   1	   2	   1	  

B2B2	   0.25	   2	   1	   0	  

32nds	  

	  We	  need	  to	  calculate	  the	  parents	  genomic	  matrix	  for	  locus	  B	  
	  by	  deriving	  the	  genomic	  matrix	  B	  for	  each	  of	  the	  above	  9	  parental	  
	  combina.ons	  (or	  7	  cells	  with	  probabili.es>0)	  and	  weight	  each	  
	  genomic	  matrix	  by	  its	  probability	  (NB	  symmetry)	  

1/32	  B1B1×B1B2	   2/32	  B1B1×B2B2	  
2/32	  B1B2×B1B2	   1/32	  B1B2×B2B2	  

2/32	  B2B2×B1B1	   1/32	  B2B2×B1B2	  

1/32	  B1B2×B1B1	  



Possible	  B-‐locus	  	  
Parental	  Genomic	  Matrices	  

2 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

1/32	  B1B1×B1B2	   2/32	  B1B1×B2B2	  

2/32	  B1B2×B1B2	   1/32	  B1B2×B2B2	  

2/32	  B2B2×B1B1	   1/32	  B2B2×B1B2	  

1/32	  B1B2×B1B1	  

2 0
0 2

⎡

⎣
⎢

⎤

⎦
⎥

1 1
1 2

⎡

⎣
⎢

⎤

⎦
⎥

1 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

1 1
1 2

⎡

⎣
⎢

⎤

⎦
⎥

2 0
0 2

⎡

⎣
⎢

⎤

⎦
⎥

2 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥



Possible	  B-‐locus	  	  
Parental	  Genomic	  Matrices	  

2 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

1/32	  B1B1×B1B2	   2/32	  B1B1×B2B2	  

2/32	  B1B2×B1B2	   1/32	  B1B2×B2B2	  

2/32	  B2B2×B1B1	   1/32	  B2B2×B1B2	  

1/32	  B1B2×B1B1	  

2 0
0 2

⎡

⎣
⎢

⎤

⎦
⎥

1 1
1 2

⎡

⎣
⎢

⎤

⎦
⎥

1 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

1 1
1 2

⎡

⎣
⎢

⎤

⎦
⎥

2 0
0 2

⎡

⎣
⎢

⎤

⎦
⎥

2 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

16 6
6 16

⎡

⎣
⎢

⎤

⎦
⎥ ×

1
32

10
32

= 1.6 0.6
0.6 1.6

⎡

⎣
⎢

⎤

⎦
⎥



Parental	  Genomic	  Matrix	  
Pooled	  across	  the	  A	  &	  B	  loci	  

1 1
1 1

⎡

⎣
⎢

⎤

⎦
⎥ +

1.6 0.6
0.6 1.6

⎡

⎣
⎢

⎤

⎦
⎥

2
= 1.3 0.8

0.8 1.3
⎡

⎣
⎢

⎤

⎦
⎥

Locus	  A	  	  	  	  	  	  	  	  	  	  	  	  	  	  Locus	  B	  	  	  	  	  	  	  	  	  	  	  	  	  	  Pooled	  



Summary	  

Pedigree	  A	   Legarra	  et	  al	  	  A	   Exact	  A	  

1 0
0 1

⎡

⎣
⎢

⎤

⎦
⎥

1.1 0.1
0.1 1.1

⎡

⎣
⎢

⎤

⎦
⎥

1.3 0.8
0.8 1.3

⎡

⎣
⎢

⎤

⎦
⎥

Clearly,	  the	  Legarra	  et	  al	  approach	  is	  not	  giving	  the	  exact	  answer	  


