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LINEAR	  MIXED	  MODELS	  AND	  
GENOMIC	  RELATIONSHIP	  	  
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Linear mixed model 
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•  This	  powerful	  and	  flexible	  tool	  is	  now	  becoming	  
widely	  used	  to	  solve	  problems	  in	  complex	  traits	  	  
–  GWAS,	  dissecJng	  geneJc	  architecture,	  system	  biology,	  
genomic	  predicJon,	  G	  x	  E	  

•  InformaJon	  (mostly	  condensed	  in	  A	  and	  the	  
informaJon	  matrix)	  is	  now	  substanJally	  different	  	  
–  InformaJon	  based	  on	  genome-‐wide	  SNPs	  



Linear mixed model 

4	  

•  Rapidly	  increased	  in	  the	  field	  (Scopus)	  
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Linear mixed model 

5	  

	  	  

TradiJonally,	  based	  on	  
pedigree	  informaJon	  

Now,	  can	  be	  based	  on	  
genomic	  informaJon	  



Genomic	  RelaJonship	  Matrix	  

•  GRM	  can	  be	  esJmated	  from	  L	  SNPs	  as,	  	  

•  where	  xl[i]	  	  is	  the	  genotype	  
•  p	  is	  allele	  frequency	  
•  var(xl)	  is	  variance	  of	  xl	  	  
•  S	  is	  the	  scale	  parameter	  (Speed	  et	  al.	  (2012)).	  

Âij =
1
L

(xl[i] − 2pl ) ⋅ (xl[ j ] − 2pl ) ⋅var(xl )
s

l=1

L

∑
Van	  Raden	  (2008);	  Yang	  et	  al.	  (2010)	  

6	  



Genomic	  RelaJonship	  Matrix	  

•  Paradigm	  shi_ing	  
ü Link	  unrelated	  individuals	  through	  genome-‐wide	  SNP	  similarity	  
ü Don’t	  need	  pedigree,	  twin	  design	  any	  more	  
ü Heritability	  based	  on	  genome-‐wide	  SNPs	  (“SNP-‐heritability”)	  
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Genomic	  RelaJonship	  Matrix	  

SNP	  informaJon	  can	  also	  give	  sample	  
correlaJon	  across	  independent	  groups	  
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Genomic	  RelaJonship	  Matrix	  

IQ	   Schizophrenia	  

Possible	  to	  esJmate	  geneJc	  correlaJon	  between	  
any	  pair	  of	  groups	  	  	   9	  



Genomic	  RelaJonship	  Matrix	  

Hanwoo	   Angus	  

Possible	  to	  esJmate	  geneJc	  correlaJon	  between	  
any	  pair	  of	  groups	  	  	   10	  



G	  x	  E	  study	  	  

Born	  in	  winter	   Born	  in	  summer	  

Flexible	  –	  don’t	  need	  repeated	  measures	  
Powerful	  –	  sample	  size	  can	  be	  easily	  increased	  
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GENOMIC	  PARTITIONING	  
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Univariate	  linear	  mixed	  model	  
EsJmaJng	  geneJc	  architecture	  

•  SNP-‐heritability	  for	  human	  height	  

13	  



Univariate	  linear	  mixed	  model	  
EsJmaJng	  geneJc	  architecture	  

•  SNP-‐heritability	  for	  human	  diseases	  
– Generalised	  approach	  implemenJng	  liability	  
threshold	  model	  
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Genomic	  parJJoning	  across	  the	  
genome	  	  

Highly correlated with the length of chromosome 
Schizophrenia is polygenic trait (no major genes) 
	  

Nat Genet 44: 247 (2012)	  
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Genomic	  parJJoning	  across	  rare/
common	  variants	  	  

he
rit
ab
ili
ty
	  

MAF: Minor allele frequency 
 
 
Schizophrenia caused by 
common variants  
 
	  
 

Nat Genet 44: 247 (2012)	  
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Genomic	  parJJoning	  across	  funcJonal	  
category	  	  

Nat Genet 44: 247 (2012)	  
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Bivariate	  linear	  mixed	  model	  
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V =
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The	  y1	  =	  0,1	  for	  disorder	  1	  
The	  y2	  =	  0,1	  for	  disorder	  2	  
	  
	  
Y1	  and	  y2	  are	  on	  different	  sets	  of	  people	  
The	  covariance	  matrix	  for	  across	  all	  people	  



Shared genetic architecture (5 psychiatric disorders) 

 
SCZ: schizophrenia 
BPD: bipolar disorder 
MDD: major depressive disorder 
ADHD: attention deficit hyperactivity 
disorder 
AUT: autism spectrum disorder 
 
SCZ/BIP: high 
SCZ/MDD: moderate 
SCZ/ASD: low 
 !

Nat Genet 45: 984 (2013)	  

Heritability	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  GeneJc	  covariance	  

Using	  bivariate	  linear	  mixed	  model	  with	  GRM	  	  	  
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GeneJc	  correlaJon	  for	  SCZ/BIP	  	  

•  Pleiotropic	  variants	  are	  polygenic	  
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GeneJc	  correlaJon	  for	  SCZ/BIP	  	  

•  Pleiotropic	  variants	  are	  common	  (not	  rare)	  

Nat Genet 45: 984 (2013)	  
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GeneJc	  correlaJon	  for	  SCZ/BIP	  	  

Significant	  disproporJon	  of	  (co)variance	  explained	  
by	  CNS	  genes	  	  

Nat Genet 45: 984 (2013)	  
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ParJJoning	  G	  x	  E	  

•  Magnitude	  of	  G	  x	  E	  can	  be	  different	  for	  
coding/non-‐coding	  regions	  
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G	  X	  E	  ANALYSES	  

24	  



G	  x	  season	  study	  

•  Swedish	  SCZ	  GWAS:	  4596	  cases/	  5884	  controls	  
– Winter	  season	  (Jan-‐Apr):	  1511	  cases/	  2036	  controls	  
–  Non-‐winter	  (May-‐Dec):	  2962	  cases/	  3772	  controls	  

•  SNPs	  
–  IdenJfy	  SNPs	  with	  associaJon	  p	  <	  0.05	  from	  PGC2	  
–  Clump	  pairwise	  R2	  <0.25,	  250	  kb	  window	  
– MAF	  >	  0.05	  
–  47,318	  SNPs	  in	  total	  
–  2,820	  SNPs	  in	  the	  C&R	  (coding	  &	  regulatory)	  set	  	  
–  44,498	  SNPs	  in	  the	  All	  except	  C&R	  set	  
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Heterogeneity	  in	  coding	  &	  regulatory	  

•  rg	  between	  winter/non-‐winter	  significantly	  less	  
than	  1	  in	  C&R,i.e.	  G	  x	  E	  (Falconer	  and	  Mackay	  1996)	  

•  No	  G	  x	  E	  signal	  in	  the	  other	  region	  ex	  C&R	  

International Journal of Epidemiology (2015)	  
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G	  x	  maternal	  environments	  	  

•  UK	  Biobank	  sample	  	  
ü 40	  –	  69	  years	  old	  (recruited	  2006	  –	  2010)	  

•  Genotyped	  for	  150,000	  community	  sample	  
ü ~	  1M	  common	  SNPs	  a_er	  stringent	  QC	  

•  Four	  later	  performances	  phenotypes	  
ü Fluid	  intelligence,	  Memory,	  react	  Jme	  and	  
educaJonal	  auainment	  

27	  



G	  x	  maternal	  environments	  	  

•  B&NS:	  breasved	  and	  not	  exposed	  to	  maternal	  smoking	  around	  birth,	  	  
•  B&S:	  breasved	  and	  exposed	  to	  maternal	  smoking	  around	  birth,	  	  
•  NB&NS:	  not	  breasved	  and	  not	  exposed	  to	  maternal	  smoking	  around	  birth,	  	  
•  NB&S:	  not	  breasved	  and	  exposed	  to	  maternal	  smoking	  around	  birth	  	  
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G	  x	  maternal	  environments	  	  

•  Heritability	  and	  phenotypic	  correlaJon
\geneJc	  correlaJon	  	  
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G	  x	  maternal	  environments	  	  

•  SNP-‐heritability	  and	  geneJc	  correlaJon	  between	  
different	  E	  groups	  for	  fluid	  intelligence	  

30	  



G	  x	  maternal	  environments	  	  

•  SNP-‐heritability	  and	  geneJc	  correlaJon	  between	  
different	  E	  groups	  for	  educaJonal	  auainment	  

31	  



G	  x	  E	  &	  genomic	  predicJon	  

•  Fluid	  intelligence	  
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G	  x	  E	  &	  genomic	  predicJon	  

•  Fluid	  intelligence	  
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G	  x	  E	  &	  genomic	  predicJon	  

•  Fluid	  intelligence	  
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G	  x	  E	  &	  genomic	  predicJon	  

•  Fluid	  intelligence	  
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G	  x	  E	  &	  genomic	  predicJon	  

•  EducaJonal	  auainment	  

36	  

0"

0.02"

0.04"

0.06"

0.08"

0.1"

0.12"

0.14"

Pr
ed

ic
/o

n"
ac
cu
ra
cy
"

"""Discovery"":"""""""""""NB&NS"""""""""""""""""""""""""B&NS""
"

"""""Target"""""":"""""""""""""NB&NS"""""""""""""""""""""""NB&NS""!!



G	  x	  E	  &	  genomic	  predicJon	  

•  EducaJonal	  auainment	  
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More	  general	  G	  x	  E	  model	  
‘Random	  regression	  model’	  
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•  t	  –	  value	  for	  environment	  (age,	  season)	  
•  T	  –	  #	  observed	  points	  (simulated	  as	  4)	  	  	  
•  α	  –	  random	  regression	  coefficients	  

•  φ	  –	  Legendre	  polynomials	  with	  t	  
•  K	  –	  coefficient	  matrix	  
•  k	  –	  order	  of	  the	  matrix	  	   38	  



Real	  data	  

•  Heterogeneous	  stock	  mice	  data	  	  
•  A_er	  a	  stringent	  QC,	  we	  used	  9,258	  autosomal	  
SNPs	  from	  1,908	  individuals	  	  

•  phenotypes	  of	  four	  glucose	  values	  (taken	  at	  0,	  15,	  
30	  and	  75	  minutes	  a_er	  intraperitoneal	  glucose	  
injecJon	  in	  a	  model	  of	  type	  2	  diabetes	  mellitus	  	  

•  EsJmate	  G	  x	  E	  for	  glucose	  levels	  if	  there	  is	  
interacJon	  

39	  



Glucose	  level	  trajectory	  

40	  

•  Glucose	  level	  measured	  at	  0,	  15,	  30	  and	  75	  
minutes	  from	  the	  injecJon	  	  

Solberg et al. (2006) Mammalian Genome 17: 129 - 46	  



Real	  data	  

•  Significant	  geneJc	  heterogeneity	  across	  
the	  trajectory,	  i.e.	  evidence	  of	  G	  x	  E	  	  

41	  

Bioinformatics 32: 1420 - 2 (2016)	  



Real	  data	  

•  Variance	  covariance	  structure	  can	  be	  obtained	  from	  
esJmated	  variance	  of	  random	  regression	  coefficients	  (K)	  
and	  Legendre	  polynomial	  funcJon	  (ϕ).	  
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ALGORITHM	  
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Algorithm	  for	  REML	  

•  Average	  InformaJon	  algorithm	  
– Average	  of	  Hessian	  and	  Fisher’s	  matrix	  

Θ(k+1) =Θ(k ) − (H(k ) )−1 ∂L
∂Θ
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Algorithm	  for	  REML	  

•  Average	  InformaJon	  algorithm	  
– Based	  on	  Mixed	  model	  equaJon	  (Gilmour	  et	  al.	  1995)	  

X 'R−1X X 'R−1Z
Z 'R−1X Z 'R−1Z+G−1

"

#
$
$

%

&
'
'
b̂
û

"

#
$
$

%

&
'
'
=

X 'R−1y
Z 'R−1y

"

#

$
$

%

&

'
'

– based	  on	  V	  matrix	  (Lee	  and	  van	  der	  Werf	  2006)	  

V =ZGZ '+R

b̂ = (X 'V−1X)−1(X 'V−1y)
û =GZ 'V−1(y−Xb)
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Algorithm	  for	  REML	  
•  Direct	  AIREML	  (based	  on	  V	  matrix)	  

ü Efficient	  for	  dense	  GRM	  
ü Efficient	  for	  mulJple	  random	  effects	  (e,g,	  chromosome,	  MAF)	  
ü Compared	  to	  ASReml,	  computaJonal	  efficiency	  >	  100	  Jmes	  
ü  Implemented	  in	  GCTA,	  mulJBLUP,	  MTG2	  
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Algorithm	  for	  REML	  

•  Direct	  AI	  algorithm	  (Lee	  and	  van	  der	  Werf	  2006)	  
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The	  relaJonship	  matrix	  can	  be	  decomposed	  as	  A=UDU’	  where	  
I=UU’	  (Thompson	  and	  Shaw,	  1990)	  	  
	  
	   !U yi = !UXibi + !UZigi + !U ei

V = var( !U yi ) =
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Algorithm	  for	  REML	  

•  Real	  data	  applicaJon	  
– Heterogeneous	  stock	  mice	  data	  (WTC)	  	  
– A_er	  a	  stringent	  QC	  of	  genotypic	  data,	  we	  used	  9,258	  
autosomal	  SNP	  from	  1,908	  individuals	  

•  Construct	  GRM	  based	  on	  the	  SNPs	  

–  Four	  glucose	  values	  (taken	  at	  0,	  15,	  30	  and	  75	  minutes	  
a_er	  intraperitoneal	  glucose	  injecJon	  in	  a	  model	  of	  
type	  2	  diabetes	  mellitus)	  and	  body	  mass	  index	  (BMI).	  	  

–  Five-‐trait	  linear	  mixed	  model	  and	  random	  regression	  
model	  for	  the	  repeated	  glucose	  measures.	  	  
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Results	  

•  With	  eigen-‐decomposiJon	  trick	  
– Single	  geneJc	  covariance	  structure	  (GRM)	  	  
– ComputaJonal	  efficiency	  increase	  >	  1000	  Jmes	  
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Results	  

•  Without	  eigen-‐decomposiJon	  trick	  	  
– Possible	  to	  fit	  mulJple	  GRMs	  
– MTG2	  sJll	  performs	  beuer	  than	  others	  
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Results	  

Approximated	  computaJonal	  complexity	  of	  the	  
methods	  	  	  
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Results	  

Three-‐trait	  linear	  mixed	  model	  for	  the	  heterogeneous	  mice	  stock	  	  
ü  IdenJcal	  results	  from	  MTG2	  and	  ASReml	  
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Results	  

Random	  regression	  model	  with	  the	  Legendre	  polynomial	  
order	  of	  3	  for	  the	  geneJc	  and	  residual	  variance	  components	  	  
ü  IdenJcal	  results	  from	  MTG2	  and	  ASReml	  
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Discussion	  
•  There	  are	  two	  limitaJons	  to	  MTG2	  as	  well	  as	  GEMMA	  

•  The	  eigen-‐decomposiJon	  technique	  cannot	  be	  used	  with	  
more	  than	  one	  GRM	  	  
–  In	  models	  with	  mulJple	  GRMs,	  GEMMA	  cannot	  be	  used	  and	  
MTG2	  becomes	  slow	  although	  it	  is	  sJll	  considerably	  faster	  than	  
ASReml	  and	  WOMBAT	  	  

•  Secondly,	  the	  eigen-‐decomposiJon	  technique	  requires	  
complete	  data	  across	  mulJple	  traits	  (no	  missing	  value)	  	  
–  Phenotypic	  imputaJon	  can	  be	  used	  	  	  
–  EM	  algorithm	  (to	  be	  implemented)	  

•  MTG2	  and	  WOMBAT	  can	  facilitate	  a	  parallel	  computaJon	  
that	  increases	  the	  efficiency	  further	  	  	  	  	  	  
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MTG2	  so_ware	  

hups://sites.google.com/site/honglee0707/mtg2	  

•  mtg2	  binary	  for	  Linux,	  window	  and	  mac	  
•  manual	  
•  Examples	  	  

– Example0/	  
– Example1/	  
– Example5/	  	  

55	  



MTG2	  so_ware	  

•  MulJvariate	  linear	  mixed	  model	  
– MTG-‐REML	  
– MTG-‐BLUP	  	  

•  Individual	  soluJon	  <-‐>	  SNP	  soluJon	  

•  Random	  regression	  linear	  mixed	  model	  
– Legendre	  polynomial	  	  
– Spline	  
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MTG2	  extra	  opJons	  
-‐cove	  1:	  parameterising	  residual	  covariance	  
-‐thread	  k:	  k	  paralleled	  computaJon	  
-‐sv	  {file	  name}	  
-‐mg	  {file	  name}	  instead	  of	  -‐g	  {file	  name}:	  mulJple	  random	  effects	  
model	  
-‐bv	  {file	  name}:	  BLUP	  esJmaJon	  
-‐inv	  1:	  inverJng	  matrix	  
-‐bend	  1:	  bending	  NPD	  matrix	  making	  it	  PD	  
-‐nit	  {value}:	  maximum	  number	  of	  iteraJons	  (default	  is	  200)	  
-‐conv	  {value}:	  convergence	  criteria	  for	  log	  likelihood	  (default	  is	  
0.001)	  
-‐frq	  1:	  esJmaJng	  allele	  frequency	  given	  plink	  files	  
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MTG2	  extra	  opJons	  
-‐trf_h2:	  transform	  between	  observed	  and	  liability	  scale	  for	  h2	  
-‐sbv:	  converJng	  between	  individual	  BLUP	  and	  SNP	  BLUP	  
-‐delta:	  Delta	  method	  to	  get	  SE	  of	  the	  raJo	  for	  target	  VC	  
-‐rtmx:	  esJmaJng	  GRM	  	  
-‐Me:	  effecJve	  #	  chromosome	  segments	  given	  effecJve	  size	  
-‐pred_acc:	  accuracy	  of	  genomic	  predicJon	  based	  on	  theory	  

	   	   	  (and	  power	  of	  genomic	  predicJon)	  
-‐simcoal:	  coalescence	  simulaJon	  (SNP	  genotype)	  
-‐simreal:	  phenotype	  simulaJon	  based	  on	  given	  genotypes	  
-‐fix:	  constrain	  some	  parameters	  during	  REML	  esJmaJon	  
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